Abstract. This paper presents a property of geometric and topological nature of Gateaux differentiability points and Fréchet differentiability points of almost CL-spaces. More precisely, if we denote by M a maximal convex set of the unit sphere of a CL-space X, and by C M the cone generated by M , then all Gateaux differentiability points of X are just n-s(C M ), and all Fréchet differentiability points of X are int(C M ) (where n-s(C M ) denotes the non-support points set of C M ).
Introduction
Speaking of the classification of Banach spaces by convexity, we should mention here that there are two extreme classes: One is the well-known class of uniformly convex spaces, the other is that of "flat spaces" (CL-spaces). The theoretical research of uniformly convex spaces has continued for over 70 years since Clarkson [3] introduced the notion of uniformly convex Banach spaces (see, for instance, [2, 4, 5, 6, 7, 9, 12, 13] ). The study of various properties of CL-spaces has also brought mathematicians great attention (see, for instance, [1, 10, 15, 16, 17, 18, 22] ).
The notion of a CL-space was first introduced by R. Fullerton [8] in 1960, and a generalized notion of a CL-space (i.e., almost CL-space) was introduced by A. Lima in 1978 [14] . A Banach space is called a (an almost) CL-space provided its closed unit ball is the (closed) absolutely convex hull of each maximal convex set of the unit sphere.
In this note, the letter X will always be a real Banach space and X * its dual. We denote by B X and S X , the closed unit ball of X and the unit sphere of X, respectively. For a convex set K ⊂ X, C K stands for the cone generated by K, that is, C K = λ>0 λK. n-s(K) and int(K) will represent the set of all non-support points of K and the interior of K, respectively. The aim of this note is to study the differentiability property of the norms of almost CL-spaces. As a result, it mainly shows the following theorems. 
ii) The set of all Fréchet differentiability points of the norm is precisely 
Notions and preliminaries
To begin this section, we recall a sequence of definitions which will be used in what follows.
Definition 2.1 ([20]
). Suppose that X is a Banach space and C is a non-empty convex set of X.
i) A point x ∈ X is said to be a support point of C if there exists x * ∈ X * with x * = 0 such that
In this case, x * is called a support functional of C. We denote by n-s(C) the set of all non-support points of C.
ii) x ∈ C is called an extreme point of C if C\{x} is again a convex set.
Definition 2.2 ([20]
). Suppose that X is a Banach space and C is a non-empty convex set of X. i) x 0 ∈ C is said to be an exposed point of C provided that there exists x * ∈ X * \{0} such that x * , x 0 > x * , y for all y = x 0 in C. In this case, the functional x * is called an exposing functional of C and exposing C at x 0 . ii) We say that x 0 ∈ C is a strongly exposed point of C if there is an
* is said to be a strongly exposing functional of C and strongly exposing C at x 0 .
iii) In particular, if C ⊂ X * , we can analogously define a w * -exposed point and a w * -strongly exposed point of C, respectively, with the functional x * coming from X rather than X * * in i) and ii), respectively. iii) We say that f is Fréchet differentiable at x if ∂f is single-valued and normto-norm upper semi-continuous at x. In this case, we call ∂f ≡ x * the Fréchet derivative of f at x and denote it by d F f (x) = x * .
The following properties are classical (see, for instance, [20] 
Proposition 2.6 ([24]). Suppose that C is a closed convex set with n-s(C) = ∅ of a Bananch space X. Then for every continuous convex function f defined on an open convex set D with
D ⊃ C, i) ∂f (x) = ∂(f C )(x) for every x ∈n-s(C); ii) f C is Gateaux differentiable at x ∈n-s(C) if
Proposition 2.8 ([21]). Let X be a Banach space and let
x 0 ∈ B X be such that |x * (x 0 )| = 1 for all x * ∈ extB X * . The |τ (x 0 )| = 1 for all τ ∈ extB X * * .
Proof of the theorems
Now, we are ready to prove the theorems presented in section 1, and we also restate and renumber them as follows.
Theorem 3.1. Suppose that X is a real almost CL-space, and that is the set of all maximal convex sets of S X . Then i) The set of all Gateaux differentiability points of the norm is precisely
ii)The set of all Fréchet differentiability points of the norm is precisely M ∈ int(C M ). Proof. Note that every point x ∈ X with x = 0 is lying in a cone C M generated by some maximal convex set M of S X . Then, it suffices to characterize the Gateaux (Fréchet) differentiability points contained in C M for every maximal convex set M of S X . So, let us fix a maximal convex set M of S X . We observe that by the Hahn-Banach and Krein-Milman theorems, there is an extreme point x * 0 ∈ B X * such that M = {x ∈ B X : x * 0 , x = 1}, and thus, x * 0 , x = x for every x ∈ C M . This implies that ϕ : C M −→ X * defined by ϕ(x) = x * 0 for every x ∈ C M , is a selection for ∂ · restricted to C M , which is clearly norm-to-norm continuous.
i) Suppose that x 0 ∈ n-s(C M ). Then, it follows from Proposition 2.6 that x 0 is a Gateaux differentiability point of the norm.
Conversely, suppose that x 0 ∈ C M is a Gateaux differentiability point. We can assume x 0 = 1. Let
Then it is a w * -exposed point of B X * and exposed by x 0 . Now we assert that M = {x ∈ B X : x * 0 , x = 1}. Otherwise, there is an extreme point e * of B X * with e * = x * 0 such that e
Note that C M is a cone and note both 0 and 2x 0 are in C M . We obtain that x * , x 0 = 0 and
which in turn tells us
But this is impossible since
ii) By Proposition 2.5, it is easy to show that all points in int(C M ) are Fréchet differentiability points of the norm since ϕ is norm-to-norm continuous.
Conversely, if x 0 / ∈ C M \int(C M ), we want to show x 0 is not a Fréchet differentiability point of the norm. We can again assume x 0 = 1. For every r > 0, we can find x r ∈ B(x 0 , r) ∩ S X with x r / ∈ M . Let x r ∈ M r for some maximal convex set M r of S X and x * r be an extreme point of B X * such that M r = {x ∈ S X : x * r , x = 1}. Then we have x * 0 − x * r = 2 for all r > 0. Let ϕ be a selection of ∂ . such that ϕ(x r ) = x * r for all r > 0. It is clear that ϕ is not norm-to-norm continuous at x 0 , and hence x 0 is not a Fréchet differentiability point.
Corollary. The set of all Fréchet differentiability points of a real almost CL-space is open.

Theorem 3.2. Suppose that X is a real CL-space. Then every extreme point of
Proof. Let x 0 be an extreme point of B X . Let E be the set of those extreme points x * ∈ B X * satisfying that the convex set {x ∈ B X : x * , x = 1} is maximal in S X . By the definition of a CL-space, it is clear that x 0 ∈ M ∪ −M for every maximal convex subset M of S X and, therefore, | x * , x 0 | = 1 for every x * ∈ E. On the other hand, B X * is the w * -closed convex hull of E, and the reversed Krein-Milman theorem gives us that the set of all extreme points of B X * is contained in the w * -closed hull of E. Therefore, one has | x * , x 0 | = 1 for every extreme point x * of B X * . Now, Proposition 2.8 gives us that | x * * * , x 0 | = 1 for every extreme point x * * * of B X * * * . It clearly follows that x 0 is an extreme point of B X * * . 
Conversely, suppose that x * 0 is a w * -exposed point of B X * and exposed by x 0 ∈ S X . Then by Proposition 2.6,
We extend M to be a maximal convex set M of S X and let
ii) By Theorem 3.1 i), it suffices to show that for every extreme point x * of B X * , C ≡ λ>0 λM has at least one non-support point , where M = {x ∈ B X : x * , x = 1}. By Theorem 3.2, every extreme point of B X is an extreme point of B X * * . Thus, | x * , x | = 1 for every extreme point of B X . Let E ± = {x is an extreme of point B X :
is the set of all w * -exposed points of B X * . Note c 0 is an Asplund space. There exists a w * -strongly exposed point of B X * (of course, contained in {±e n }), which implies that {±e n } are w * -strongly exposed points of B X * . Therefore, every Gateaux differentiability point is a Fréchet differentiability point in c 0 , and they form a dense open set. Assume X is an almost CL-space or a CL-space. If X is an Asplund space, whether every extreme point of B X * is an exposed point, a w * -exposed point, a strongly exposed point or a w * -strongly exposed point.
Problem 4.4.5. Assume X is a (an almost) CL-space.Whether every extreme point of B X is an exposed point or a strongly exposed point if X has the RN P .
